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Abstract

Motivated by the construction by Günaydin, Sierra and Townsend of Maxwell-Einstein N = 2 su-
pergravity theories in 3, 4 and 5 dimensions realizing symmetries appearing in the lower three rows of
the 4× 4 Freudenthal-Tits Magic Square, we present a six-dimensional theory with F4/SO(9) structure,
corresponding to the maximal “octonionic” item in the top row of the square. The construction involves
detailed interplay between the scalar coset structure and the spin-1 sector comprised of vectors, self-dual
and anti-self-dual antisymmetric tensors.

1. Introduction

The celebrated Magic Square of Freudenthal and Tits

A = O A = H A = C A = R

d = 6 F4 C3 A2 A1

d = 5 E6 A5 A2 ×A2 A2

d = 4 E7 D6 A5 C3

d = 3 E8 E7 E6 F4

A = O A = H A = C A = R

d = 6
F4(−20)

SO(9)

USp(4, 2)

USp(4)× SU(2)

SU(2, 1)

SU(2)×U(1)

SO(2, 1)

SO(2)

d = 5
E6(−26)

F4

SU∗(6)

USp(6)

SL(3,C)

SU(3)

SL(3,R)

SO(3)

d = 4
E7(−25)

E6 ×U(1)

SO∗(12)

SU(6)×U(1)

SU(3, 3)

SU(3)× SU(3)×U(1)

USp(6)

SU(3)×U(1)

d = 3
E8(−24)

E7 × SU(2)

E7(−5)

SO(12)× SU(2)

E6(2)

SU(6)× SU(2)

F4(4)

USp(6)× SU(2)

d = 6
26 = 1(t+) + 16(t−) + 9(v)

52− 36 = 16(0)

14 = 1(t+) + 8(t−) + 5(v)

21− (10 + 3) = 8(0)

8 = 1(t+) + 4(t−) + 3(v)

8− (3 + 1) = 4(0)

5 = 1(t+) + 2(t−) + 2(v)

3− 1 = 2(0)

d = 5
27 = 1(v) + 26(v)

78− 52 = 26(0)

15 = 1(v) + 14(v)

35− 21 = 14(0)

9 = 1(v) + 8(v)

16− 8 = 8(0)

6 = 1(v) + 5(v)

8− 3 = 5(0)

d = 4
28 = 1(v) + 27(v)

133− (78 + 1) = 54(0)

16 = 1(v) + 15(v)

66− (35 + 1) = 30(0)

10 = 1(v) + 9(v)

35− (8 + 8 + 1) = 18(0)

7 = 1(v) + 6(v)

21− (8 + 1) = 12(0)

d = 3 248− (133 + 3) = 112(0) 133− (66 + 3) = 64(0) 78− (35 + 3) = 40(0) 52− (21 + 3) = 28(0)
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2. F4(−20) description in an SO(9) basis Z0 1

Zi 9

Za 16



Q ≡ ηIJ ZIZJ

= Z2
0 + ZiZi ∓ ZaZa (1)

C ≡ cIJK ZIZJZK

= Z3
0 − 3Z0ZiZi ∓

3

2
Z0ZaZa ±

3
√

3

2

(
Γabi
)
ZiZaZb (2)


0 0

√
3Y b

0 Xij
(
Γbci
)
Y c

√
3Y a

(
Γacj
)
Y c 1

4

(
Γabk`
)
Xk`

 (3)

2. The scalar sector

(
vI0 vI i vIa

) u0J

uiJ

uaJ

 =
(
δIJ
)

(4)

 u0I

uiI

uaI

 (
vI0 vI j vIb

)
=

 1 0 0

0 δij 0

0 0 δab

 (5)

 u0I

uiI

uaI

 (
∂µv

I
0 ∂µv

I
j ∂µv

I
b

)
=


0 0

√
3Rbµ

0 Qijµ
(
Γbci
)
Rcµ

√
3Raµ

(
Γacj
)
Rcµ

1
4

(
Γabk`
)
Qk`µ

 (6)

 u0I

uiI

uaI

 (
DµvI0 DµvI j DµvIb

)
=


0 0

√
3Rbµ

0 0
(
Γbci
)
Rcµ

√
3Raµ

(
Γacj
)
Rcµ 0

 (7)

DµvI0 ≡ ∂µv
I
0 (8)

DµvI i ≡ ∂µv
I
i − Qijµ v

I
j (9)

DµvIa ≡ ∂µv
I
a − 1

4Q
ij
µ

(
Γabij
)
vIb (10)

The SO(9) Fierz identities

Γ
a(b
i Γ

cd)
i = δa(b δcd) (11)

3δa[c δd]b + Γ
a[c
i Γ

d]b
i = 1

4 Γabij Γcdij (12)
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3. The spin-1 sector

F Iµν = 2 ∂[µA
I
ν] (13)

GIµνρ = 3 ∂[µB
I
νρ] + 3 cIJK F

J
[µν A

K
ρ] (14)

δAIµ = ∂µλ
I (15)

δBIµν = 2 ∂[µΛIν] + 3 cIJK F
J
µν λ

K (16)

∂[µF
I
νρ] = 0 (17)

∂[µG
I
νρσ] = 3 cIJK F

J
[µν F

K
ρσ] (18)

F 0
µν ≡ u0I F

I
µν (19)

F iµν ≡ uiI F
I
µν (20)

F aµν ≡ uaI F
I
µν (21)

F 0
µν = 0 (22)

F aµν = 0 (23)

G0
µνρ ≡ u0I G

I
µνρ (24)

Giµνρ ≡ uiI G
I
µνρ (25)

Gaµνρ ≡ uaI G
I
µνρ (26)

G0
µνρ = +G̃0

µνρ (27)

Gaµνρ = −G̃aµνρ (28)

Giµνρ = 0 (29)

4. Supersymmetry transformations and field equations

δ eµα = ψµγ
αε (30)

δ ψµ = ∇µε+
1

4
G0
µνργ

νρε (31)

δ AIµ = vI i λ
i
γµε (32)

δ BIµν = vI0 ψ[µγν]ε−
1

2
vIa χ

a γµνε+ 2cIJK A
J
[µδA

J
ν] (33)

δ λi = −1

4
F iµν γ

µνε (34)

δ χa = P aµ γ
µε+

1

12
Gaµνρ γ

µνρε (35)
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[ δs.s.(ε2) , δs.s.(ε1) ] = δg.c.(ξ
µ) + δl.l.(Σ

αβ) (36)

+ δgauge(v)(λ
I) + δgauge(t)(Λ

I
µ) (37)

+ δSO(9)(L
ij) (38)

ξµ = ε2γ
µε1 (39)

Σµ = ξµ(ωµ
αβ −G0

µ
αβ) (40)

λI = −ξµAIµ (41)

ΛIµ = . . . (42)

Lij = −ξµQijµ (43)

5. Discussion

A. Spacetime conventions

X̃µνρ =
1

6
eµνρ

στκXστκ (44)
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